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Transient Conjugated Heat Transfer From a
Rectangular Hot Film

P. W. Liang* and K. D. Colet
University of Nebraska-Lincoln, Lincoln, Nebraska 68588

A numerical calculation is carried out for the transient response of a flush-mounted hot-film sensor in a gas
flow heated by a step change in the hot-film output flux. The numerical method used is called the unsteady
surface element method. This calculation is part of a study of unsteady behavior of hot-film anemometers that
involve substrate effects. The numerical results show that the early-time film temperature agrees well with an
analytical solution, and the steady-state Nusselt number agrees with an existing numerical solution. The spatial
average film temperature vs time is presented for several values of the rectangular hot-film aspect ratio.

Nomenclature
a = streamwise half-length of the hot film, m
b = span wise half-length of the hot film, m
K = thermal conductivity, W/(mK)

— streamwise length of the yth surface element, m
= spanwise length of the yth surface element, m

M = number of time steps
N = number of surface elements
Np = flow parameter, Eq. (16)
Nu = Nusselt number
P = hot-film output flux, W/m2

Pe = Peclet number, p(2a)2/af
q = heat flux, W/m2

qQ = hot-film output, W/m2

T = temperature
Tav = spatial average hot-film temperature
TQ = initial temperature
T- = (T - TQ)l(qQalKs)
t+ = ast/a2

x = streamwise coordinate
x+ = x/a
Xj = center of the yth surface element
y = spanwise coordinate
y+ = yla
yj = center of the ;th surface element
z = coordinate normal to the interface
a = thermal diffusivity, m2/s
/3 = velocity gradient, s"1

F( ) = gamma function
Ai/r = influence function, Eq. (13)
TJ = dummy space variable in the spanwise direction
A = dummy time variable
//,( ) = unit step function
f = dummy space variable in the streamwise direction
$ = fundamental solution, defined in Appendix A

Subscripts
av = spatial average on hot film
/ = fluid
k = fcth time step
5 = solid
0 = inital value
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Superscripts
f = fluid
s = solid
+ = dimensionless variable

Introduction

F LUSH-mounted hot-film sensors have been used in un-
steady fluid flow for many years. However, there have

been few numerical studies of the unsteady heat transfer in
these sensors. The numerical calculation reported here is part
of a continuing study of unsteady conjugated heat transfer in
flush-mounted hot films; that is, hot films for which the sub-
strate participates in the unsteady heat transfer. Substrate
participation is important primarily in gas flows.

In the literature most studies of conjugated heat transfer
have been limited to steady flow and steady heat transfer.
Tanner1 computed the steady-state mean temperature of the
rectangular film in the absence of streamwise and spanwise
heat conduction in the flow by a double Fourier-transform
method. Kalumuck2 carried out a three-dimensional calcu-
lation by a Fourier-transform method as well to compute the
average film temperature vs the thermal conductivity ratio
Ks/Kf9 the aspect ratio bla, and the Peclet number of the flow.

For transient problems, many different numerical methods
have been employed in solving three-dimensional heat con-
duction problems with various boundary conditions and ma-
terial properties.3"6 In this paper the unsteady surface element
(USE) method is applied to the three-dimensional transient
conjugated heat transfer problem.

The USE method combines the discretization techniques
of the boundary element method with Duhamel's superpo-
sition principle. The USE method is well suited for transient
conduction problems in dissimilar bodies that are thermally
connected to one another because only the interface between
the connected bodies is divided into elements.7

Cole and Beck8-9 applied the USE method to analyze a two-
dimensional strip heater on the fluid/solid interface. In one
study,8 the fluid flow was steady and the heat transfer was
unsteady. In the second study,9 both the flow and the heat
transfer were unsteady. The output heat flux from the strip
heater was chosen to maintain a constant spatial-average tem-
perature to simulate a constant-temperature anemometer.

In the present paper the USE method is extended to three
spatial dimensions. To the author's knowledge there have
been no fully three-dimensional applications of the USE
method. The geometry of interest is a rectangular hot film on
the fluid/solid interface. The fluid flow is steady but the heat
transfer is unsteady. Refer to Fig. 1. The three-dimensional
calculation is motivated by a commercially available quartz-
substrate hot-film sensor with an aspect ratio bla of about 7.
Other important applications are: heat removal from elec-
tronic circuitry, surface hardening and heat-treating proc-
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fluid
hot film

Fig. 1 Geometry of a rectangular hot film on the fluid/solid interface.

esses, and problems for which the interface conditions are not
known.

In this paper the mathematical model and the USE method
formulation are presented for the three-dimensional conju-
gated heat transfer problem. The numerical results are com-
pared with both an analytical solution of the early-time re-
sponse and the steady-state solution which is available in the
literature. The response of the hot-film sensor over a wide
range of time is also presented for several values of the hot-
film aspect ratio. The numerical solution will apply to the
analysis of commercially available hot-film anemometers.

Mathematical Model
Figure 1 shows the geometry of the conjugated heat transfer

problem—a fluid flows over the surface of a solid body in
which a thin rectangular hot film is embedded. The energy
equation of this problem is split up into two domains: solid
and fluid. The thermal properties of the problem are constant
and the buoyant flow effect is neglected in deriving the energy
equations. In addition, the hot film is so thin that the thermal
storage in the hot film may be neglected.

Energy Equation and Temperature Expression in the Solid
The three-dimensional heat conduction problem in the solid

is described by the following equations:

dy2 dt 0 S zs < oo

for t = 0

BTS

-Ks — (x, y, zs = 0, 0 = <f(x, y, f)
°zs

on boundary zs = 0

(1)

(2)

(3)

where Ts(x9 y, zs9 t) is the unknown temperature in the solid,
and f(x, y, 0 is the unknown heat flux at the interface in the
+ zs direction.

The temperature expression Ts(x9 y, zs,t) can be found by
Duhamel's superposition principle. Let \ff(x — £, y — 17, zS9
t) be the temperature rise in the solid due to a unit step input
of the heat flux over the quarter-plane x > %, y > 17, and
insulated elsewhere. Refer to Fig. 2. The temperature in the
solid is given by

1*(x ,y,z,,t)- T0= 1°° 1°° f f ( f , r,,
J -oo J -oo JA = O

A)

(4)

quarter plane
fort>0

q=Q, insulated

X-4 —— !

\
\
X=

_ \

\y M
5 |

solid
\solid-fluid interface

Fig. 2 Semi-infinite geometry for solid fundamental solution.

Energy Equation and Temperature Expression in the Fluid
The energy equation in the fluid describes the forced con-

vection of a constant-property fluid flowing over a flat plate.
It is given by the following equation:

— oo < jt < oo

0 < Z, < oo

Tf(x, v, Zfi t = 0) = ro for t = 0

8Tf

-Kf — (x, y, zf = 0, 0 = qf(x, y, t)dz

on boundary zf = 0

(5)

(6)

(7)

where T^JC, y, z/? f) is the unknown temperature in the fluid,
and qf(x, y,t)is the unknown heat flux at the interface in the
+ Zf direction.

This simple equation is useful under the following condi-
tions: the fluid is a gas and the substrate is quartz (Ks »
Kf); no fluid flows in the spanwise direction; the effects of
streamwise and spanwise heat conduction are neglected; and
the temperature rise on the hot film is small such that the
thermal boundary layer lies within the linear portion of the
velocity boundary layer.

The temperature expression Tf(x9 y, z / 51) can be found by
Duhamel's superposition principle. Let i//f(x — £, y — TJ, zf9
t) be the temperature rise in the fluid due to a unit step input
of heat flux over the quarter-plane x> £, y > 77, and insulated
elsewhere. The temperature in the fluid is given by

Tf(x, y, z/? 0 - T0 = f f f <?({, ji, A)
J -00 J -00 J\=Q

(8)

Derivation of Eq. (8) is given in Appendix A.

Matching Conditions
The temperature and the heat flux matching conditions at

the interface are given by

Ts(x, y, zs = 0, 0 = Tf(x, y, zf = 0, 0 (9)

A derivation of Eq. (4) is given in Appendix A.

P(x9 y, t) = qs(x, y, t) + </(*, y, 0 for z, = zf = 0
(10)

where P(JC, y, t) is the heat flux introduced by the hot film.
Heat flux P(x9 y, t) drives the heat transfer problem, and
some of the introduced heat flows into the fluid (cf) and some
flows into the solid (qs). Heat flux P(JC, y, t) is zero on the
region outside the hot film.
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The matching conditions are based on two assumptions: 1)
the thickness of the hot film is small and the thermal con-
ductivity is high (no thermal storage and no temperature change
in the direction normal to the interface); and 2) the hot film,
the fluid, and the solid are in perfect thermal contact.

Unsteady Surface Element Formulation
In order to formulate the problem with the surface element

method, Eqs. (4) and (8-10) must be approximated in two
ways. First, the infinite interface over which heat is transferred
between the solid and the fluid must be truncated. [This is
equivalent to truncating the infinite limits on the integrals on
Eq. (4) and Eq. (8).] We define the active interface as the
truncated portion of the infinite interface. If the active inter-
face is sufficiently large, then the truncation error (or the
"tail" of the integral) will be small enough to be neglected.
Second, the active interface must be discretized into a finite
number of surface elements.

Surface Elements
In the present study the active interface is divided into TV

rectangular surface elements. The heat flux is assumed to be
constant on each surface element. The temperature is cal-
culated at the node located on the center of each element;.

The solid temperature given by Eq. (4) needs to be re-
written in a discretized form, that is, in terms of a summation
over the surface elements. If (xj9 y;) is the center of element
j with length LX; and width LYJ9 then the limits on the spatial
integrals for each element are (xf - LXj/2), (xj + ZJf/2),
(yy - LYj/2), and (y; + LF/2). The heat flux which is constant
over each surface element can be taken outside each spatial
integral so Eq. (4) can be written

, y, z,, t) - T0 = f
JA = O

d\

[ Cxj+(LXj/2) Cyj + (LYj/2)

P P Jxj-(LXj/2) Jyj-(LYj/2]

(x - (, y - 77, z,, t - (11)

The spatial integrals over each surface element can be eval-
uated to give

, y, z,, 0 - T0 = <f(Xj, yj9 A)

x - , xj9 y, y,, z,, t - A)]dA (12)

where A(/f* is called solid influence function and is defined by

, Xj, y, yy, z,, t)

LX LY

LX LY

(13)

Four quarter-plane source solutions are superposed into a
rectangular source solution as shown in Eq. (13), therefore,
Ai^(*, x^ y, yj9 z, t) represents the temperature distribution
in the semi-infinite solid due to a unit input of boundary heat
flux on a rectangular region (*, - LAT/2) < x < (xt + LXfl
2) and (y, - LYj/2) < y < (y; + LYj/2), and insulated else-
where. The solution of this solid influence function is obtain-
able from a Green's function solution.10 Only the temperature
on the interface (zs = 0) is needed; it is found to be

, x/9 y, y;, zs = 0, t)

<*s

erf

LXj
2
A)

- A )

- erf
V4as(t - A)

x erf I

LY;
2

V4a,(< - A)
- erf

LY:

V4as(t - A) \d\

(14)

A numerical integration method is used to evaluate the time
integral in Eq. (14). The singularity at the A = t point is
eliminated by a simple change of variable.

The fluid temperature, Eq. (8), is discretized in a fashion
similar to the solid temperature. Equation (8) is discretized
to give

Tf(x , y, zf, t) - T0 = f f rf(x,, y,,
7=1 JA =°

A)

dx —dt Xj, y, y;, z/? t - A)]dA (15)

where Ai//is defined in a fashion analogous to Eq. (13).
The solution of A<// is obtainable from the two-dimensional

influence function given by Bird et al.11 if extending the line
element to plane element. It is expressed as

, Xj, y, y,, zf = 0, t) = 91/3

- X -

- Xj) (16)

where

Yj_i is the projection of element / on the element i in the
stream wise direction.

Equation (16) yields the temperature rise in the fluid at the
location (x, y) on the interface due to a unit step heat flux
input on the rectangular surface element /, and insulated else-
where.
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USE Equation
The USE equation is formed by combining the fluid and

the solid integral equations with the matching conditions. That
is, for a specific point (xh yf) at the center of a surface element,
the USE equation is obtained by substituting Eq. (10), (12),
and (15) into the temperature matching condition, Eq. (9).

N ['
Z J0

d
yj, A) - xj9 yi9 yj9 0, t - A)]dA

ax * yh yj9 0, t - A)]dA (17)

This is the USE equation for i = 1,2,. . . ,N. The histories
of heat flux, surface temperature, and heat input on the in-
terface are represented in discrete forms by q(x.j9 yj9 t), T(xj9
ys, z = 0, t), and P(xj9 vy-, 0, respectively, for; = 1 , 2 , . . . ,
N. This set of N equations can be solved for N heat flux
histories qf(xj9 yj9 t) because At/r and P are known functions.
After the heat flux histories are found the temperature values
at each surface element may be evaluated by Eq. (12) or Eq.
(15).

Numerical Solution
In order to express the USE equation in a matrix form and

to solve it by a computer, each time integral in Eq. (17) is
treated as a sum of integrals, one integral for each time step.
The heat flux is piecewise constant during each time step.
The complete derivation of a matrix form of the USE equation
is given by Cole and Beck.8 Here, the matrix form of the
USE equation is simply stated as follows:

Af- l

k = l
(18)

where 4>J, <!>•£ are the matrices whose components are

» x,, y» y,, zs = 0, tk)

,, xt, yt, yjt z, = 0, tk) (19)

(20)

qfk, Pk are column vectors whose components are

(fk)j = rtfy yj9 tk)
(Pk)j = P(Xj9 yj7 tk)

Results and Discussion
The early-time response of a commercially available hot-

film sensor (TSI sensor #1237) subjected to a unit step heat
input on the hot film was computed by the numerical USE
method. The results for spatial-average dimensionless tem-
peratures on the hot film are compared to a one-node ana-
lytical solution in Table 1. The results shown in Table 1 are
for the following: a hot film with a = 1 x 10 ~5 m and bla
= 7.14; air flow with j8 = 48570 s"1; and, a quartz substrate
with Ks = 1.425 W/mK and as = 8.87 x 10~7 m2/s. The
numerical solution used 96 surface elements placed inside the
hot film with smaller elements near the edge of the hot film.
The analytical solution which is discussed in Appendix B is
very useful for the early-time response (the time before the
interface adjacent to the hot film has heat transfer effects).

Table 1 Early-time results for spatial average temperature on the
hot film (quartz-substrate hot film) (Nft = 0.0405, KJKff = 54.5,

bla = 7.14, ay/a, = 24.92)

t+

0.005
0.010
0.020
0.030
0.060
0.090
0.120
0.150
0.180
0.210
0.250

Analytical
Solution
0.07785
0.10896
0.15185
0.18388
0.25342
0.30420
0.34530
0.38023
0.41079
0.43803
0.47039

Numerical
Solution
0.07825
0.10958
0.15284
0.18512
0.25511
0.30622
0.34762
0.38283
0.41364
0.44113
0.47378

Percent
Difference

0.52
0.57
0.65
0.65
0.67
0.67
0.67
0.68
0.70
0.71
0.72

Table 2 Steady-state Nusselt number as a function of Pe, bla,
and KjKf

Pe
16

256
16
64
16
64

256
16
64

144
16
64
16
64

144

bla
1.0
1.0
.0
.0
.0
.0
.0

5.0
5.0
5.0
8.0
8.0
00

00

00

KJKf
50.0
50.0
20.0
20.0
5.0
5.0
5.0

11.0
11.0
11.0
4.1
4.1
5.0
5.0
5.0

Kalumuck
(1983)
108.00
112.30
45.55
46.91
14.00
15.24
17.33
14.83
16.27
17.43
6.57
7.82
5.94
7.44
8.63

USE
method
108.55
112.72
45.07
46.64
13.22
14.63
16.82
14.71
16.14
17.32
6.44
7.80
5.82
7.33
8.53

Percent
difference

0.50
0.37
1.06
0.58
5.57
3.97
2.93
0.82
0.77
0.61
2.01
0.25
2.02
1.48
1.16

O
Ocr

10

b/a=c

10 10 10 4

Fig. 3 Spatial average temperature on the hot film vs time for various
hot-film aspect ratio, and for Nft = 0.156.

The two solutions agree within 0.72% for the dimensionless
time less than 0.25 (0.0024 s). This provides a check on the
computation procedure of the USE method.

Figure 3 shows numerical results for dimensionless tem-
perature vs time for a wide range of dimensionless times and
for aspect ratio's/a = 1, 5, 10, and «. These results were
calculated with surface elements placed both inside and out-
side the hot film.

The spatial average temperature on the hot film depends
on the three dimensionless parameters: t+, bla, and Nft9 that
is, TaX = T+v(t+, bla, Nft). Figure 3 shows T+v vs t+ for various
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aspect ratios bla and for Nft = 0.156. When t+ is small, the
curves for the larger bla values tend to lie on the curve T£v
~~ (01/2> which is the curve for one-dimensional heat conduc-
tion into the solid. It is only after t+ is large (t+ > 1) that
convection effects and multidimension conduction effects come
into play. Figure 3 also shows that reducing the bla value
lowers the steady-state temperature and shortens the time
needed to reach steady state. The case bla = °° has been
approximated by a very large aspect ratio, bla = 500.

To form each curve on Fig. 3, several computer runs with
different time steps were used, with larger time step sizes for
the larger time temperature responses. A typical curve on
Fig. 3 required about 800 CPU s on the VAX 8800 computer
at the University of Nebraska.

Without loss of generality, the steady-state Nusselt number
is defined as

2K,
(rav - T0)Kf (21)

For various values of Pe, bla, and Ks/Kf, the steady-state
Nusselt numbers are presented in Table 2 together with the
values calculated by Kalumuck.2 The steady-state results were
computed with the USE method by using several very large
time steps. Kalumuck used a spatial Fourier transform method
with a numerical transform inversion. In Table 2, the results
show that the Nusselt number is increased by increasing the
KJKf or Pe and the percent difference between the two meth-
ods decreases as the Pe increases and/or as KJKf increases.
In the general, the difference is less than 2.02% except for
the case KJKf = 5 and bla = 1. The two methods have larger
differences in the case KsIKf = 5 and bla == 1, since Kalumuck
includes both the streamwise and the spanwise conduction
heat in the fluid but the present calculation does not. The
effect of spanwise conduction of heat in the fluid is small
whenever the aspect ratio is large; for example, the difference
is lowered to less than 2.02% for the case KJKf = 5 and
bla = oo. These results also support the validity of neglecting
the fluid spanwise and streamwise heat conduction when Ksl
Kf = 54 in the air/quartz case.

Based on studies of the effects of the discretization param-
eters which include time-step sizes, active interface lengths,
and element sizes, the accuracy is about 0.7% for bla > 1
and KJKf > 54.

Conclusions
The USE method has been extended to a fully three-di-

mensional geometry for transient conjugated heat transfer
from a rectangular hot film. The early-time response of a
commercially available hot-film sensor computed by the nu-
merical USE method is in good agreement with the analytical
USE method for a unit step heat input on the hot film. The
spatial average temperatures on the hot film are presented
for a wide range of time for various values of the hot-film
aspect ratio. For larger values of the hot-film aspect ratio,
the three-dimensional results are consistent with the two-di-
mensional solution. A parametric study of the steady-state
results for several different values of hot-film aspect ratio,
conductivity ratio, and Peclet number agree well with previous
numerical solutions.

The three-dimensional approach is capable of computing
the transient responses of a rectangular hot-film anemometer
in the air flow. This approach reproduces the cause and effect
of actual sensors: heat is introduced at the hot film, and the
temperature rises as a result of the introduced heat. The re-
ported results are for a simple step change in the hot-film
heat flux; however, any time-varying heat flux could have
been used. The present work is a first step toward the analysis
of unsteady air flow over a constant-temperature hot film,
which is important for the shear stress sensor problem.

Appendix A: Derivation of Eqs. (4) and (8)
The fundamental solution ^(x — £, y - 17, z, t) in Eqs.

(4) and (8) is the resulting temperature distribution due to a
unit step input of heat flux over the quarter-plane x > £, y
> 77 at z = 0, and insulated elsewhere for t > 0. Here, a
dummy variable A is introduced and t is replaced by t — A,
therefore i//(x — f, y — 17, z, t — A) is the new variable to
represent the resulting temperature for t > A and is assumed
to be zero for t < A. Next, suppose that the heat flux is raised
abruptly to a value q(xj9 yjy t = 0) on the small area centered
at location (xj9 y,) and hold this value until t = A, then again
the heat flux is raised abruptly to a new value q(xj9 yj9 t =
A^ by an amount q(xj9 yj9 t = A^ - q(xj9 yj9 t = 0) and so
on. Therefore, the temperature distribution at t = \n can be
found approximately by superposing the temperature raised
due to n number steps of heat flux input over each small area
A 77 A£ on the z = 0 boundary.

T(x, y, z, 0 - ro = 2 lim lim q
7 = 1 A£^»0 ATJ-»O [_

= 0)

+ [q,(t = A2) - q,(t = A,)]

A2ifr,(* - £ y - T?, z, t - A2)

+ . . . . . . . . . + . . . . . . . . . + + [q,(t = \n)

(Al)

where

«y(0 = «(*/. X/> 0 AW - £ y - T,, z, t - A)

Letting (A0y)* =
Eq. (Al) can be written as

and - A*.

T(JC, y, z, t) — T0 = lim lim ^
A£-H>0 Arj->0 7 = 1

(A2)
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Taking lim(AA* -
form as

0), Eq. (A2) can be written in the integral

- f, y - ij, z, Q frfc rj, A)\
dA /

' Z? * ~ '' dfd-ry (A3)x d\

Integrating the time integral in the above equation by parts
and applying the initial condition yield

nW,0-r0 = /X/;=o^r,,A)

- f c y - H . z . f - A ) a l a.a_ (A4)

Equation (A4) is the same as Eqs. (4) and (8).

Appendix B: One-Node Analytical Solution
The set of simultaneous integral equations represented by

Eq. (17) can be solved analytically for small times in the case
of a single surface element that corresponds to the hot-film
location. The following 3-D analysis is parallel to the 2-D
analysis of Cole and Beck.8

Consider the spatial average temperature on the hot film,
given by

* > - f *A+>3F
where the influence function A^ is now the average temper-
ature on the hot film caused by a unit step in heat flux. For
a single surface element, the USE equation reduces to a single
integral equation

r f + —
Jo dt+

-I'Jo *
(B2)

where the x dependence and y dependence have been ab-
c^-1--H into the spatial average influence functions A</^ and

'-MIS (Bl) and (B2) can be solved with the Laplace
method to give the transformed spatial average

,are in the form8

(B3)

where 6 is the Laplace transform parameter and (•)* is the
Laplace tranform. The spatial average influence function At/^
is given by Cole and Beck,8 and the Laplace transform of Ai//
is

(B4)

The spatial average influence function for the rectangular hot-
film region is given by12

A-HO = £ 2 ^ - 1+- -
A..

(B5)

and its Laplace transform is

7T0-172 ~H-(.^)«->
1

(B6)

where b+ = b/a, the aspect ratio of the hot film.
A step input for the hot film is given by P(t) =

where i*.(f) is the unit step function, and the Laplace transform
of this step input is P*(6) = qJQ. Replace these expressions
for [A<K(0)]*, [Ai/f*(0)]*, and P*(0) into Eq. (B3) to get

rav(0) = QK.CN,

where

0-1/2 - i + - -0-1
TT

^—e-3/2
2b+7r J

(B7)

(B8)

To inverse transform this expression for small times, we use
the fact that 1/0 « I when t+ is small. Because 1/0 is small
and because CNp < I for the air/quartz case, then e is also
small. The ratio 1/(1 + e) can be replaced by the binomial
expansion to give

When multiplied out the resulting expression can be inverse
transformed term by term. The final result for retaining terms
up to 1/03 is

-'T0 - t+(A

(BIO)

where ,4 = (1 + l/b + )/Tr, B = \l(2b + <n), C = (2/3)5/T(2/3)
= 0.6889, and A^ = KfIKs (Pa2/af)l/3.

This approximate expression is limited to small time, astl
a2 < 0.3. In the limit as b+ -> oo this expression reduces to
the 2-D case. In the limit as Nft —> 0 this expression reduces
to the average temperature on the heated region of the solid
only (no flow) given by Keltner et al.10
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